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Abstract

We consider the problem of allocating a single server to a system of queues with Poisson
arrivals. Each queue represents a class of jobs and possesses a holding cost rate, general service
distribution, and general set-up time distribution. The objective 1s to minimize the expected
holding cost due to the waiting of jobs. A set-up time is required to switch from one queue
to another. We provide a limited characterization of the optimal policy and a simple heuristic
scheduling policy for this problem. Simulation results demonstrate the effectiveness of our
heuristic over a wide range of problem instances.

1. Introduction

In many manufacturing environments, a facility processes several different kinds of jobs. In
many cases, a set-up time is required before the facility can switch from producing one type of
job to another. If several different types of jobs are waiting when a unit has been completed, the
decision maker is faced with the problem of deciding whether to produce one more unit of the same
type of job that the machine is currently set up to produce, or to set up the machine to process a
different kind of job.

The control decisions of when to set up the system and which type of job to produce have im-
portant effects on the performance of the system. First, for each unit of Work-In-Process Inventory
that is waiting at a machine to be processed, the firm incurs significant holding costs. Second,
companies quote due dates to customers based on the work load they have in the system. To quote
feasible due dates, the facility manager must understand the job scheduling policy employed. To

quote competitive due dates, the manager must have an efficient policy for scheduling service. It



is essential to provide an efficient rule for the sequencing of jobs in the facility to quote customers
feasible and competitive due dates.

The optimal control of the Work- In-Process in manufacturing systems without set-up times as
well as the problem of quoting customer due dates have been extensively addressed in the literature.
It is well known, for example, that for an M/G/1 queue with multiple job types, if jobs of type ¢
are charged holding costs at rate ¢; and are processed at rate p;, the cu rule (Average Weighted
Processing Time rule) minimizes the average holding cost per unit time (see Baras et al. [3],
Buyukkoc et al. [6], Cox and Smith [8], Gittins [13], Nain [25], Nain et al. [26], and Walrand [35]).
Other stochastic scheduling problems in the literature for which there are no costs (or no time lost)
for switching from one type of job to another may be found in Baras et al. [3], Dempster et al.
[9], Gittins [13], Harrison[15],[16], Klimov [18], [19], Lai and Ying [21], Nain [25], Nain et al. [26],
Varaiya et al. [34], and Walrand [35]. For systems with no switching times or costs, researchers
such as Wein [36] and Wein and Chevalier [37] have developed due date setting rules.

There are few known results for the optimal scheduling of systems with switching costs or
switching times. The reason for this is the difficulty of the problem. Most intuitive results developed
for systems without switching penalties no longer hold in this case. Gupta et al. [14] considered the
problem with switching costs and only two types of jobs with the same processing time distributions.
Hofri and Ross [17] considered a similar problem with switching times, switching costs, and two
homogeneous classes of jobs. They conjectured that the optimal policy is of a threshold type.
Recently, Rajan and Agrawal [27] and Liu et al. [24] have studied systems similar to the one
considered here and have partially characterized an optimal policy (in the sense of the stochastic
dominance of the queue length process) for the case of homogeneous service processes. Browne and
Yechiali [5] considered cycle times in heterogeneous systems and completely characterized scheduling
policies that optimize cycle times. Other work has concentrated on performance evaluation and
stochastic comparisons of different policies (see Baker and Rubin [2], Levy and Sidi [22], Levy et
al. [23], Takagi [30] and Srinivasan [29]). Recently, Federgruen and Katalan [10] have analyzed

the performance of exhaustive and gated polling policies where the server is also allowed to idle.



Their policies are applicable to the make-to-stock version of the problem considered here as well.
Federgruen and Katalan [11] have also analyzed the impact of changes in setup times on the
performance of multi-class production systems.

In this paper, we address the stochastic scheduling of a system with several different types of jobs
and switching times (equivalently set-up times) in a multiclass M/G/1 queue. Our purpose is to
develop a heuristic that is simple enough to be implemented in a manufacturing environment while
remaining highly effective. We contribute a perspective on this problem based on reward rates.
The applicability of reward rate notions is demonstrated by their use in partially characterizing
an optimal scheduling policy under a discounted cost criterion. We relate the discounted case to
the average cost problem. We then use this perspective to develop a heuristic for the stochastic
scheduling problem with set-up times. The heuristic that we develop is extremely simple, since it
is based only on statistical averages. Moreover, our simulation results indicate that our heuristic
policy consistently outperforms other policies suggested in the literature.

The rest of the paper is organized as follows. In Section 2, we formulate the problem. In
Section 3, we partially characterize an optimal policy. In Section 4, we develop a heuristic policy,
and indicate special cases under which the heuristic is optimal. In Section 5, we test this heuristic
by comparing this heuristic to other heuristics in the literature. Our results indicate that for a
large variety of problems, our heuristic consistently outperforms other policies in the literature.
The paper concludes in Section 6.

2. Problem Formulation

A single server is to be allocated to jobs in a system of parallel queues labeled 1,2,..., N and
fed by Poisson arrivals. By parallel queues, we mean that a job served in any queue directly exits
the system. Each queue (equivalently, node) n possesses a general, strictly positive service period
distribution with mean pu;! (0 < p,' < oo0) and a finite second moment. Successive services
in node n are independent and identically distributed (i.i.d.) and independent of all else. Jobs
arrive to queue n according to a Poisson process with strictly positive rate A, (independent of all

other processes). As a necessary condition for stability, we assume that p = Zf\; pi < 1, where



pi = Aif i

Holding cost is assessed at a rate of ¢, (¢, > 0) cost units per job per unit time spent in queue
n (including time in service). A switching or set-up time, D,, is incurred at each instant (including
time 0) the server switches to queue n from a different queue to process a job. The switching time,
D,,, represents a period of time which is required to prepare the server for processing jobs in a
queue different than the current one. We assume that successive set-ups for node n require strictly
positive periods which are i.i.d., possess a finite mean and second moment, and are independent of
all else.

A policy specifies, at each decision epoch, that the server either remain working in the present
queue, idle in the present queue, or set-up another queue for service. With IRT(Z") denoting the
nonnegative reals (integers), let {XZ(¢) : ¢ € RT} be the right-continuous queue length process of
node n under policy ¢ (including any customer of node n in service). Denote the vector of initial
queue lengths by X(07) € (Z*)V, where X(07) is fixed. Without loss of generality, we assume
that node one has been set up prior to time ¢ = 0 and that the server is initially placed in node

one. The average cost per unit time of policy ¢, J(g), can now be expressed as

1 T
J(g) = limsup TE {/0 Z chfL(t)dt} . (2.1)

T—0o0

The class of admissible strategies, &, is taken to be the set of non-preemptive and non-
anticipative policies that are based on perfect observations of the queue length processes. By
non-preemptive, we mean that neither the service of a job nor the execution of a set-up can be
interrupted (by job service, queue set-up, or idling) until its completion. Idling is allowed at any de-
cision time. The set of decision epochs is assumed to be the set of all arrival epochs, service epochs,
set-up completion epochs, and instances of idling. The objective of the optimization problem is to
determine a policy ¢* € G that minimizes J(g).

For many policies (2.1) may be infinite. To cite a well-studied example, the limited-/ cyclic
service policies become unstable for p < 1, as is demonstrated in Kuehn [20] and Georgiadis and
Szpankowski [12]. For p < 1, it is well known that policies such as the exhaustive and gated cyclic

polling strategies yield a stable system (see Altman et al. [1]). Thus, finite steady state average



queue lengths exist under an optimal policy, and the objective is to minimize the weighted sum of
the average queue lengths.

Our analysis is framed within the class of policies, G, which contains (in general) nonstationary
and randomized policies. Nevertheless, it is helpful to explicitly describe the subclass GP'™ c &
consisting of pure Markov (that is, stationary and non-randomized) policies. Under the restriction
to pure Markov policies (and a memoryless arrival process), it suffices to regard the decision to
idle as a commitment that the server idle for one (system) interarrival period. Thus, the state of
the system is described by the vector X (t) = (Xy(1), Xa(t),..., Xn(1),n(t),6(t)) € S, where n(t)
denotes that the server is located at node n(t) at time ¢, 6(¢) is zero if the set-up of node n(t) is not
complete at time ¢ and is one otherwise, and S denotes the state space (Z+)N x{1,2,..., N} x{0,1}.
Let the action space be i = {0,1,2,..., N} x {0,1,2}. Suppose at a decision epoch, ¢, the state
is X(t) = (21,29,...,2n,n(1),6(t)) € S. Thus, 6(t) = 1, since we require non-preemptive set-
ups. Action U(t) = (n,2) € U, where n # n(t), causes the server to set up node n. Action
U(t) = (n(t),1) results in the service of a job in n(t¢). Action U(t) = (n(t),0) selects the option to
idle in the current queue until the next decision epoch, another system arrival. No other actions
are possible.

3. On an Optimal Policy

In this section, we provide a partial characterization of an optimal policy within the class of
policies G. The special case with all switching times equal to 0 has been well studied, with early
results found in Cox and Smith [8]. The non-preemptive cu rule is optimal: The index ¢;p; is
attached to each job in the ¢th queue. At any decision epoch, serve the available job possessing the
largest index. Note that the index of any queue is independent of both the queue length (provided
it is strictly positive) and the arrival rate of that queue. Another special case has been treated
in Liu et al. [24] and Rajan and Agrawal [27]. For problems that are completely homogeneous
with respect to cost and to the service process, they partially characterized optimal policies as
exhaustive and as serving the longest queue upon switching.

We begin our analysis with the following definitions:



Definition 1: A policy serves node 7 in a greedy manner if the server never idles in queue i while
jobs are still available in 7 and queue 7 has been set up for service.

Definition 2: A policy serves node ¢ in an ezhaustive manner if it never switches out of node ¢
while jobs are still available in .

Definition 3: A top-priority queue refers to any queue (there may be more than one) that is
served in a greedy and exhaustive manner.

Although our focus for our heuristic is on the average cost per unit time criterion, we have
found it insightful to study the discounted cost criterion as well because it demonstrates the use of
reward rate expressions which prove to be pertinent to the heuristic we develop. We define the total
expected discounted cost criterion, which we note is finite for any policy: For discount parameter
a >0, let

w / N
Ju(g) = E{/ (Z cnxg(t)) e=otdt) | (3.1)
0 \n=1

As in Harrison [15] we transform the cost criterion of (3.1) to a reward criterion using the
device of Bell [4]. Letting Y,9(t) denote the right-continuous cumulative departure process from
node n under ¢ through time ¢, we have X4(t) = X,,(07) + A, (¢) — Y,9(¢). One can show that the
minimization of J,(g) is equivalent to the maximization of the following reward criterion:

oo
0

N N oo g
Ralg) = B{Y cna_l/ Ay} = B{S Y e MW a1 (3.2)

n=1 k=1
where T9(k) is the kth service completion epoch under ¢ corresponding to a service in node n . The

—1is interpreted as the reward received upon job completion, and it equals the discounted

term ¢,
cost of holding that job forever.

It is useful to consider the policy, call it ¢’, that at time ¢ = 0 sets-up node n, serves a
deterministic number u jobs, and then idles thereafter. We denote the expected discounted reward
carned from this action sequence by 7,(u). Using (3.2), r,(u) = c,a L E{ [ e=2tdY (1)}. Let

fn,k denote the sum of k service durations in queue n. Letting 5, 2 E{e=fn1}, we use the i.i.d.

nature of successive services to get E{e™*/n+} = §¥ Thus

ro(u) = epa”t S, (1= 8,)7 (1 = SY)E{e7oPn) . (3.3)



We define the reward rate associated with this sequence of actions to be the ratio of expected

discounted reward, 7, (u), to the expected discounted length of time required by the action sequence:
ro(u) ol S, (1= 571 - SUYE{eoPn}
e p— a~T(1~ §gE{e-Dn))
where h,, is defined by

< hy, (3.4)

o 2 S, /(1= S,) . (3.5)

Given a discount parameter o > 0, the reward rate earned by serving a single job in node ¢
(without a set-up) is h,,. To see this key fact, simply set D,, = 0in (3.4). Theorem 1, which follows,
states that a top-priority queue always exists under an optimal policy and can be determined as
the node maximizing h, over all n. Theorem 1 is similar to the results presented in Gupta et al
[14], Hofri and Ross [17], Liu et al. [24] and Rajan and Agrawal [27]. The novelty of our result lies

primarily in our treatment of unequal or heterogeneous service distributions at each queue.

Theorem 1: If h; > h; forall j =1,2,..., N then there exists a policy for which queue 7 is a top-
priority queue that is optimal within G under the discounted cost criterion. Similarly, if ¢;u; > c;p;

for all j =1,2,..., N the same result holds under the average cost per unit time criterion.

Proof : The proof is found in the Appendix.
Since a top-priority policy is optimal for any discount factor @ > 0, we note that the discounted

and average cost per unit time cases can be linked as follows:

fn,l
lim ah, = limo aan{e_af"J}/E{/ e~ dt} = cppty - (3.6)
o— 0

a—0

The quantity ¢,p, can be regarded as the (reward) rate at which holding costs are reduced by
serving a job in node n. On the other hand, a reward rate of zero is earned during idle periods
and set-up periods. We use these concepts of reward rates in the next section to derive a heuristic
policy for the problem.
4. A Heuristic Policy

We develop a greedy heuristic for the problem formulated in Section 2, where the queues are
ordered such that ejpy > copo > ... > eyun. We let z; denote the queue length at queue i. We

first develop a heuristic for the problem with two queues and then extend it to N queues.



4.1. Heuristic for Systems with Two Queues

Consistent with the result of Section 3 that top-priority service of queue 1 is optimal, we restrict
attention to a policy that does not switch from queue 1 to queue 2 when queue 1 is not empty.
Defining a heuristic policy for two queues requires deciding when to switch from queue 2 to 1 when
queue 2 is not empty, as well as the characterization of a rule for idling (i.e., should the server idle
at queue 7 or switch to the other queue?). Our heuristic is based in part on reward rate indices
corresponding to action sequences. In computing indices for each queue, we assume that once the
server switches to a queue, the server will remain at that queue until the end of its busy period.
We begin with the development of the rule for switching, then prescribe a rule for idling.

Rule for Switching

We assume that nodes 1 and 2 are both nonempty (21 > 0,22 > 0) and focus on the question
of when to switch from node 2 to 1. We let ¢;(2;,r) denote the reward rate (or expected reward
per expected unit of time) associated with remaining in queue ¢. If the server remains at queue ¢
and z; > 0, it will continue earning rewards at a rate of ¢;u; until the end of queue ¢’s busy period.

Hence, we define the index to remain in queue 2 if there is a job at queue 2 to be
pa(a,7) = copg if x5 > 1. (4.1)

On the other hand, if the server decides to switch to queue 1, it will first have to set-up queue
1 and earn no rewards for the (random) duration of time D;. Then, by Theorem 1, it will serve
queue 1 until the end of its busy period. Although the server could actually remain at node 1 for
a longer amount of time by idling at node 1 for a certain duration of time, we disallow idling in
calculating an index for switching to node 1. We also assume that at the end of the busy period
of node 1, the server switches back to node 2, and for a (random) duration of time D; again earns
no rewards. Hence, by switching to node 1 to serve the jobs at node 1 and returning to 2 at the
end of the busy period of node 1, the server will have spent an expected total amount of time
z

EDi+ ED, + %. On average, however, the server will have earned a reward only for the

expected duration of time equal to 1’11—3#

-+ Hence, the index for switching to node 1 is given by



the reward rate of this action sequence:

1 -|—A1ED1

H1—A1
p1(x1,8) = e = 4.2
( ) Dl 1:1/\—1{\31D1 D2 ( )

1 + AlEDl
1961 +mEDy + (1 — M)ED;y

= ap (4.3)

Comparing the terms ¢1(21,s) and @a(z3,7), it is easy to see that regardless of how large the
expected set-up times KDy and E D, are, ¢(z1,s) can be larger than ¢a(zy,7), even for z1 = 1,
if ¢q is sufficiently large. This means that for large values of ¢, the index for remaining at queue
2 would always be smaller than the index for switching to queue 1, even when queue 1 has only
1 job. It is clear, however, that when set-up times are non-zero, switching to queue 1 as soon
as queue 1 has one job is not necessarily optimal, even if ¢; is large. To see this, note that one
way to interpret p, the utilization of the server, is that (for a stable system) the server is busy
processing jobs p proportion of the time. The proportion of the time available to the server for for
set-ups and idling is 1 — p. However, if the server switches to queue 1 when queue 1 has only one
job and set-up times are high compared to processing times, the server may spend a much larger
proportion of the time than (1 — p) on switching. In such a case, the server spends less than the
required proportion of time (Az/puz) serving queue 2, which would result in instability at queue 2.
Note by (4.2), however, that the condition ¢(z1,s) > peypr implies that the server , on average,
spends a proportion greater than p of the time actually processing jobs, during the time interval
consisting of the set-up of queue 1, the service of queue 1, and the subsequent set-up of queue 2.
Hence, we impose this constraint as a requirement to be satisfied before the server is allowed to
switch to queue 1. In particular, we use the following heuristic condition for switching from queue

2 to 1 when x5 > 1:

e1(x1,8) > perpn + (1 — p)eapia = copiz + p(eipyy — capiz) (4.4)

If (4.4) is satisfied, then the constraint ¢1(z1,s) > peypy is also satisfied. Also, if ¢34 = capz,
then (4.4) will never be satisfied and by Theorem 1, both queues are top-priority queues and it is
optimal never to switch from queue 2 to 1 (or from queue 1 to 2) when 3 > 0 (when z; > 0). We

note that the condition in (4.4) has some other desirable characteristics. As F'Dy or E D3 get large,



21 must be increasingly large to merit a switch from 2 to 1 when x5 > 0. Also, as p approaches 1,
the number of jobs required at queue 1 before a switch is allowed increases, and the policy tends
to serve the queues exhaustively.
Rule for Idling

To complete the characterization of our heuristic policy, we specify a policy for idling when
there are no jobs in the node the server is currently set up to serve. Equation (4.4) does not apply
in this case, since the server receives no rewards by idling at the current node. In order to decide
whether to switch to the other node or to idle, we compare the reward rate at which the server will
earn rewards by immediately switching to the other node with that of idling until one more arrival
occurs at the other node. As in the derivation of (4.3), a switch from node 1 to 2 that proceeds
to exhaust node 2 and returns to set up node one will earn a reward rate of @3(z3,s) for the next

ED{+ ED;y + % units of time (on average), where

9 + AQEDQ
T2+ paE Do+ (g — A2)EDy

P2(22,8) = capta (4.5)

Now, consider the policy that idles at node 1 until the next arrival at node 2 and then switches
to node 2. Of course, before the next arrival at node 2, arrivals could occur at node 1, and the
server would earn some reward by serving them. However, we assume (only for the purpose of
reward rate calculation) that no rewards are earned while idling, and compute the reward rate
of the inadmissible policy that idles until the next arrival at node 2, then switches to node 2 to
exhaust it, and returns to node one. This results in the following reward rate:

1’2-|—1-|—A2ED2

Wza,8)=c H2 =2 . 4.6
#a(22,8) = cati 2l bDs Ly EDy 4+ ED, (4.6)

The condition for switching from 1 to 2 when there are no jobs at node 1 is then given by

99/2($275) < pa(22,8) , (4.7)

which implies that the server earns rewards at a higher rate by switching now than by waiting

for one more arrival at node 2. Simplifying (4.7) leads to a very simple formula for the number

10



required at node 2 so that the server will switch to node 2 from node 1 without idling:

To > /\QEDl . (48)

Similarly, when the server is at node 2, and there are no more jobs to serve, it immediately
switches to node 1 if 21 > A{EDy. We also note that our simulation experience indicates that
requiring the server to serve at least one job upon switching to a queue before it can switch to
another queue improves the performance of the heuristic. Hence, we also place this constraint on

the server. We now describe our heuristic control rule in full:

Heuristic Policy for Systems with Two Queues

1. If the server is currently at node 1 and z; > 0, then serve one more job at node 1.

2. If the server is currently at node 1 and z1 = 0, then switch to node 2 if x5 > Ay EFD¢. Else,

idle until the next arrival to the system.

3. If the server is currently at node 2, 3 > 0, and ¢1(21,5) < crpap + (1 — p)egpz then serve

one more job at node 2; otherwise
a) If no jobs have been processed since the last set-up, process one more job at node 2.

b) If at least one job has been processed since the last set-up, switch to node 1.

4. If the server is currently at node 2 and x5 = 0, then switch to node 1 if 1 > A\{ED,. Else,

idle until the next arrival to the system.

We note that regardless of the initial number of jobs in either queue 1 or queue 2, the condition
(4.4) of our heuristic for two queues guarantees that eventually the length of queue 1 will be less
than A; £ Dy and the length of queue 2 will simultaneously be less than Ay F Dy, (i.e., that the
queues will be stable). To see this, first suppose that (4.4) can be satisfied for a finite queue length
z7. Note that z; > 27 is required for the server to switch from queue 2 to 1. Since we assume that
1 > A1 and the server serves queue 1 exhaustively, only the stability of queue 2 is in question.

Without loss of generality, assume that at time ¢ = 0 the server is set-up to serve queue 2 and that

11



x93 > A2 E Dy. The server will serve queue 2 either until it is exhausted or until 7 > 27 (in which
case it switches to queue 1). The server will then alternate without idling between the exhaustive
service of queue 1 and the (possibly non-exhaustive) service of queue 2. For the sake of argument,
construe the set-ups of both queues as being associated with the service of queue 1. The epochs
of switching to node one occur only at points under which (4.4) is satisfied. Hence, during the
time interval consisting of setting up queue 1, processing jobs in queue 1, and setting-up queue
2, the percentage of time that the server does useful work (i.e., the server is processing jobs and
not being set-up nor idling) is greater than 100p percent (compare (4.3) and (4.4)). Under our
construction, the server is 100% utilized during the remaining periods, which correspond to actual
service in queue 2. Thus, the server is utilized greater than 100p percent of the time prior to the
first instance of idling, and thereby efficiently works off both queues. The first instance of idling
occurs when one queue, 4, is exhausted and the other, say j, is such that z; < A;ED;. Thus,
stability is ensured when 27 is finite. We conclude with the case where no finite 27 exists to satisfy
(4.4). In that case, provided z; and zy are both large at ¢ = 0, our heuristic serves both queues
exhaustively and without idling until the point at which one queue, 7, is exhausted and the other,
say j, is such that z; < A;ED;. It is well known that exhaustive, nonidling service is stable for

p <1

4.2. Heuristic For Systems with N Queues

Using the ideas developed previously for 2 queues, we can now extend our heuristic to the case
where the system has any number of queues. To begin, assume that the server is currently serving
queue ¢ and that x; > 0. Because a reward rate of ¢;u; can be achieved by serving a job in node
¢ and a reward rate of at most c;u; can be achieved by serving jobs in node j, it suffices to only
consider switching from ¢ to queue j € {1,2,...,7— 1}. Then to switch to any queue j, we require

that

QO]($],8) > cipip + Czluz(l - p) andj € {1727 N 1} 5 (49)

12



where
x;+ /\]‘ED]‘
v+ EDj + (i — A ED;

wj(aj,8) = cjp, (4.10)

Unlike the case of two queues, there may be more than one queue j that satisfies the constraint
(4.9). Thus, we require that the server switch to the one with the highest reward rate, p;(z;, s).
Similar to the case of two queues, we define an idling policy to treat the case where the server
is in queue ¢ with a; = 0. In this case, the server must decide not only whether to idle but also to
which queue to switch to. We place a constraint similar to (4.9) on switching from queue ¢ when
z; = 0. To develop such a rule, we first note that the reward rate of (4.10), ¢;(z;,s), includes
both £D; and ED;. This is because by switching from queue i to queue j, the server is leaving
behind some unfinished jobs at queue ¢ and must return to finish them at a certain point. If z; = 0,
however, there will be no jobs left behind and in this case, we define the reward rate earned by

switching to queue ¢ as

(4.11)

We use the following idling procedure for choosing the queue to switch to when the server is in

queue ¢ and z; = 0.

1. Let o = 0.
2. Forall j # ¢, if ¢;(x;,5) > ¢;u;p, thenlet 0 = o U j.

3. If 0 # 0 then among all j € o, let k denote the queue such that k = argmax;e, ¢;(2;,s). If

xr > A FD;, then switch to queue k, else idle until the next arrival to the system.

4. If o = (), then let k denote the queue such that k = argmax;4; ¢(2;,s). If 2 > Ay ED; then

switch to queue k, else idle until the next arrival to the system.

The above procedure determines the set of queues such that if the server switched to a queue
in this set, it would actually be processing jobs at least p fraction of the time until the end of that
queue’s busy period. From this set, it selects as a candidate the queue that has the highest reward

rate. On the other hand, if the set ¢ is empty, another queue may yet be attractive enough to

13



justify a switch, and the heuristic selects as a candidate the queue that has the highest reward rate
among all queues 1,..., N. The procedure then uses the simple rule developed for the case of two
queues to decide whether to idle or to switch to the candidate queue. Having explained the logic

of our heuristic, we can now state it formally.

Heuristic Policy for N Queues
Assume that cjpy > capg > ... > enpn, the server is set up to serve queue 2, and queue

contains z; jobs.

1. If ; = 0, use the idling policy developed above.

2. If z; > 0 and no jobs have been served in queue i since the last set-up, serve a job in ¢;
otherwise, employ the following switching rule: For all j < ¢, compute ¢;(z;,s) using (4.10).
Let 0 = 0. For j = 1,...,i— 1, if queue j satisfies constraint (4.9), then 0 = o U j. If o
is nonempty, then switch to the queue j € o that has the highest index ¢;(z;, s); otherwise

serve one more job of type 1.

The heuristic, which we described above, is known to have optimal characteristics in the fol-

lowing limiting cases.

1. D; =0 for all i: In the case where all the set-up times are zero, our heuristic reduces to the

cp rule which is known to be optimal. That is, at each instant serve the job that maximizes
Cifbi-

2. Symmetrical systems: Suppose that all the queues are identical with respect to holding costs,
service distribution, arrival rate, and set-up distribution. In this case, the heuristic would
serve each node exhaustively, and upon switching would always choose the queue that has
the largest number of jobs. These policies have been shown to be optimal among the set of
non-idling policies (Liu et al. [24], Rajan and Agrawal [27]). The optimal idling policy is not

known.
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3. =0 forali=1,...,N: In the case of no arrivals, our heuristic serves all the queues in
an exhaustive manner. Once a queue is exhausted, the server switches to the queue that has

1

the highest index qw%. Van Oyen et al. [32] proved this index policy to be optimal
Iy J

for the system with an initial number of jobs in each queue and no arrivals.

Having developed our heuristic, and specified the cases where it has optimal characteristics, we

undertake a simulation study in the next section to test its performance.

5. A Simulation Study

The real test of any heuristic is its performance with respect to the optimal solution. In the
problem considered here, however, an optimal solution is not known, except for a few special cases.
Hence, we chose to compare our heuristic to other widely used policies in the literature. To test our
heuristic, we generated a large variety of problems. The cases that we tested included symmetric
as well as asymmetric queues, high and moderate utilization, and both equal and different holding
costs for different job classes. For each of the cases, we tested our heuristic by simulating 50000
job completions from the system. We repeated the simulation 10 times and averaged the holding
cost per unit time that we obtained in each run.

We first tested our heuristic on a variety of problems with 2 queues. The data for the 14 different
examples with 2 queues are displayed in Table 1. In all of the test problems that we report here,
the service times and the set-up times are exponential. However, we have also tested our heuristic
with other distributions, including the uniform, normal and deterministic cases, and have obtained
results very similar to those reported here. Examples 1-8 have cypt; = copg. For these cases, the
best policy that we know of is of an exhaustive, threshold type such that the server remains at each
queue until it is exhausted and idles until the number of jobs at the other queue is beyond a certain
threshold. Thus, these 8 cases test the idling rule of our heuristic. They include cases with high as
well as moderate utilization and mean set-up times. If one test case pairs the queue with the high
arrival rate with a high set-up time as well, the next case pairs that queue with a low set-up time.

We compared our heuristic to five widely used and analyzed policies from the literature. The

first of these (Exhaustive) serves each of the queues in an exhaustive and cyclic manner. That is,
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the server finishes all of the jobs of type 1, then if there are any jobs of type 2, switches to queue 2
and exhausts all the jobs of type 2, and so forth. (We found that not switching to any empty queue
improved performance, hence our exhaustive and gated policies do not switch into queues that
are empty). The second alternative, the gated heuristic, does not exhaust the jobs at each queue;
rather, the server gates all the jobs present at the time its set-up is completed, and serves only
those jobs. As a third alternative, we tested the (exhaustive, strict-priority) cp rule as a heuristic.
We also tested heuristic policies requiring a search. We searched a class of exhaustive, threshold
policies by simulation to find the best policy of that class. Specifically, we denote by (EX-TR) the
class of exhaustive, threshold policies defined by the pair (y1,y2) which serve both nodes 1 and 2
exhaustively and idle in queue j # ¢ unless queue ¢ exceeds a threshold y;, upon which event the
server immediately switches to ¢. For problems 1-8, the queues are symmetrical with respect to
service rate and holding cost, while in problems 9-14, the ¢u values are not equal. For cases 9-14,
it may make sense to switch from queue 2 to queue 1 without exhausting it. For this reason, we
searched the class of nonexhaustive-threshold policies, which we denote by (NONEX-TR). A policy
in this class is described by three variables (y1,y2,¥21). For ¢ # j, if the server is currently set-up
to serve jobs of type ¢, and z; = 0, then the server switches to queue j if, and only if, z; > y;.
Finally, if the server is set-up to process jobs of type 2 and x5 > 0, the server switches to queue 1
if, and only if, 1 > y21. We note that this is a fairly general class of policies for the case of two job
classes. In particular, our heuristic represents a special case within the class NONEX-TR. Hence,
our heuristic can not do better than the best policy found by a very computationally expensive
search over this class of policies. Thus, the difference in performance between our heuristic and the
best policy in NONEX-TR is one measure of the success of the heuristic.

In Table 2, we tabulate the average holding costs per unit time (and 95% confidence intervals
for the simulation results) under our heuristic policy as well as the other policies. (In the case of
c1jt1 = capi2, we assumed queue 1 had priority over queue 2 for the cp rule.) The results in Table
2 show that our heuristic performed well. The heuristic outperformed the exhaustive, gated and

cpe rule heuristics. For problems 1-8, the queues are symmetrical with respect to service rate and
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Example | ¢ co | g1 | p2 | A1 | Ao | EDy | EDy
1 1.0110(1201]20]03]|07| 0.1 0.4
2 1.0]110(201]20]03]07| 1.0 4.0
3 1.0110(1201]201]07]03| 0.1 0.4
4 1.0]110(201]20]07]03]| 1.0 4.0
5 1.0]110(201]20]06]|10| 0.1 0.4
6 1.0]110(201]20]06]10| 1.0 4.0
7 1.0110(1201]20]1.0]|06| 0.1 0.4
8 1.0]110(201]20]10]06| 1.0 4.0
9 1511012015 ]03]|07 | 0.1 0.4
10 15]110(20]15]03]07| 1.0 4.0
11 15110120115 ]07]03| 0.1 0.4
12 15]110(20]15]07]03]| 1.0 4.0
13 20(110(20 10|04 ]04]| 05 0.5
14 50(11.0(20 |05 |03]04]| 02 0.2

Table 1: Input Data for Examples 1-14.

Example Heuristic Exhaustive Gated cp EX-TR NONEX-TR
1 1.26 £ 001 | 1.284+0.01 | 1.41+£0.03 | 1474+0.04 | 1.21 £ 0.01 1.21 £ 0.01
2 5.42 + 0.07 | 5.65 + 0.08 | 8.63 + 0.12 o} 5.20 £ 0.06 | 5.20 &+ 0.06
3 1.274+£001 | 1.294+£0.01 | 1.414+£0.02 | 1444+ 0.02 | 1274 0.01 1.27 £ 0.01
4 5.58 + 0.08 | 5.65 + 0.09 | 8.50 &+ 0.15 o} 5.36 £ 0.06 | 5.36 + 0.06
5 5.20 £ 0.08 | 5.21 +0.07 | 6.81 +0.10 | 1846 £ 0.75 | 5.13 + 0.08 | 5.13 + 0.08
6 17.73 £ 0.42 | 18.36 &+ 0.55 | 35.41 + 1.42 o} 17.46 + 0.45 | 17.46 + 0.45
7 5.12 4+ 0.07 | 5.28 +£0.07 | 6.51 +0.12 | 15.88 +0.83 | 5.10 + 0.06 | 5.10 + 0.06
8 17.73 £ 0.27 | 18.01 &+ 0.25 | 34.62 + 1.55 o} 17.66 + 0.35 | 17.66 + 0.3b
9 229+ 0.04 | 237 +0.04 | 251 +£0.06 | 2.49+ 0.07 | 2.36 + 0.03 | 2.194+ 0.03
10 8.24 +0.32 | 855+ 0.3b | 13.29 4+ 0.37 o} 7.96 +£0.21 | 7.96 + 0.21
11 1.96 £ 0.02 | 2.06£0.03 | 234 +£0.05 | 212+ 0.02 | 2.04 £ 0.02 | 1.96 £ 0.02
12 8.29+ 0.41 | 841+ 0.31 | 13.05 + 0.60 o} 7.84 +0.40 | 7.84 4+ 0.40
13 3.25+0.08 | 3.62+0.09 | 3.88+0.10 | 3.68 + 0.08 | 3.58 £ 0.08 | 3.15+ 0.09
14 525+ 3.6 | 19944+ 13.7| 589+ 3.7 | 1554+ 15.1 | 142.3 + 125 | 37.3 + 2.1

Table 2: Results for Examples 1-14
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Example C1 C2 C3 H1 25 H3 Al Az Ag ED1 ED2 ED3
15 5 1 1051 1 1 0.2 0.1 0.6 0.1 0.1 0.1
16 1.0 1.0 1.0
17 0.1 1.0 2.0
18 1.0 0.1 2.0
19 1.0 2.0 0.1
20 0.1 0.1 2.0
21 2.0 0.1 0.1
22 0.1 2.0 0.1
23 5 |15 105 | 1 1 1 0.25 | 0.25 ] 0.25 | 0.1 0.1 0.1
24 1.0 1.0 1.0
25 0.1 1.0 2.0
26 1.0 0.1 2.0
27 1.0 2.0 0.1
28 0.1 0.1 2.0
29 0.1 2.0 0.1
30 5 1 1051 1 1 0.6 | 0.15]0.15 | 0.1 0.1 0.1
31 1.0 1.0 1.0
32 0.1 1.0 2.0
33 1.0 0.1 2.0
34 1.0 2.0 0.1
35 0.1 0.1 1.0
36 0.1 1.0 0.1
37 1.0 0.1 0.1
38 1 5 2 4 102]025] 08 |0.04| 01 0.1 0.1 0.1
39 1.0 1.0 1.0
40 3.0 0.1 0.1
41 0.1 3.0 0.1
42 0.1 0.1 3.0
43 3.0 3.0 0.1
44 0.1 3.0 3.0

Table 3: Input Data for Examples 15-44.

holding cost. Hofri and Ross [17] conjecture that an exhaustive, single-threshold policy is optimal.
Indeed the best exhaustive, threshold policy (EX-TR) performed as well as any policy tested. In
examples 9-14, our heuristic again performed very well and the difference between our heuristic
and the best policy found in the class of non-exhaustive threshold policies was in general not large.
Considering the fact that the search for the best threshold policy is a nontrivial computational
problem, our heuristic, requiring no search, performed very well.

We tested our heuristic on a large sample of problems with three different types of jobs. In the
first set of test problems (Examples 15-37), the mean processing times of the three different jobs

were the same but their holding costs were different. On the other hand, in Examples 38-44, all
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jobs have different holding costs and different mean processing times. Fxamples 15-22 represent
systems where the firm gets a large number of jobs that are not very important (low holding costs),
and a smaller number of urgent jobs. Examples 23-29 represent systems where the arrival rates
of jobs of differing importance are equal. Examples 30-37 represent systems where the jobs with
higher holding costs also have the higher arrival rates. For each of these sets of examples, we varied
the set-up times. For Examples 15-44, we again compared our heuristic to the exhaustive, gated
and cp rules.

The results in Table 4 indicate that our heuristic easily outperforms all of these widely used
rules. In general, if the set-up times were high enough, the exhaustive regime performed well, and
if the set-up times were close to 0, the ¢u rule performed well. However, our heuristic was the only
rule that performed well for all of the problems.

Whereas Examples 15-37 have jobs with the same processing times but different holding costs,
Examples 45-68 have jobs with different mean processing times, but the same holding cost rates
(see Table 5). Examples 45-52 represent cases where each of the three queues have the same
utilization. Examples 53-60 represent cases where the firm has a large quantity of jobs that can
be processed very quickly, and a small number of jobs that require a large amount of processing.
Finally, Examples 61-68 represent situations where the firm spends most of its time processing jobs
that require much processing, but gets fewer quick jobs.

We test six policies in Examples 45-68. These include the heuristic developed in this paper;
the exhaustive, gated, and cp rules; as well as two scheduling policies due to Browne and Yechiali
[5]. Browne and Yechiali point out that since the problem of minimizing the sum of (weighted)
waiting times appears to be “computationally hard”, another objective that can be considered is the
(greedy) objective of minimizing or maximizing the cycle time where the cycle time is the amount
of time it takes the server to visit each queue once. (Since Browne and Yechiali only considered
jobs having different processing time distributions and not different holding costs, we did not test
their policies in Examples 15-44.) In particular, in a symmetric system, Browne and Yechiali’s rules

for maximizing the cycle time reduce to serving the longest queue (over one cycle). Since this is
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Example | Heuristic | Exhaustive Gated cp
15 94+£06 | 1924+ 0.6 13.5+£ 0.8 8.9+£0.9
16 291 +15 | 326+1.4 | 329+ 1.3 o}
17 274+£10 | 335£13 355+ 1.8 0o
18 3194+16 | 35.1+£1.4 | 349+ 1.7 o}
19 231 +14 | 345+ 1.7 | 325+ 2.0 o}
20 262+04 ] 305+ 1.1 29.7+ 1.4 o}
21 28.8+ 0.8 | 30.0+ 1.0 2714+ 1.0 o}
22 129+ 05| 2994+ 1.2 259+ 1.1 o}
23 5.0+ 0.2 77+£0.3 78+ 0.2 5.14+0.1
24 126+ 02| 1494+ 0.3 174+ 0.3 0o
25 115+ 02| 156 £ 0.3 181+ 04 o}
26 128 £ 0.3 | 15.0 £ 0.3 18.0+ 0.4 o}
27 129+ 02| 1584+ 0.3 177+ 0.5 0o
28 91403 | 1294+ 04 14.8 £ 0.3 o}
29 95+04 | 1324+ 0.2 153+ 0.6 o}
30 16.0+10| 2714+14 | 378+£20 |16.2+1.0
31 36.1 +25 | 453+ 2.1 | 110. 7+ 4.3 o}
32 2994+ 19 | 476+ 3.8 | 102.3 £ 8.2 o}
33 3204+ 2.1 | 4824+ 25 97.4 + 8.4 o}
34 343+ 25| 46.1 £ 2.8 | 104.9+9.1 o}
35 203+£1.0| 33.1£1.8 57.8 £ 5.2 o}
36 217+ 1.7 320+ 24 | 588+ 54 o}
37 248+ 20| 384+£29 63.5 + 4.0 o}
38 114+ 07| 21.0+ 1.2 177+ 06 | 11.4 £ 0.9
39 196+ 07 26.0+14 | 26.1+£1.3 o}
40 230+ 1.0 27.0+ 1.5 28.5 + 1.4 o}
41 165+ 14| 26.6 420 25.8 + 1.6 0o
42 20004+0.7 | 275+ 1.4 | 292+ 1.7 o}
43 207+£16 | 33.9+£1.2 37.6 £ 2.0 o}
44 2594+14 | 359+ 1.8 384 + 1.7 0o

Table 4: Results for Examples 15-44
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Example C1 C2 C3 H1 25 H3 Al Az Ag ED1 ED2 ED3
45 111 ]1]8 2 105 2 |05]0125] 0.1 0.1 0.1
46 0.5 0.5 0.5
47 1.0 1.0 0.1
48 0.1 1.0 1.0
49 1.0 0.1 1.0
50 0.1 0.1 2.0
51 2.0 0.1 0.1
52 0.1 2.0 0.1
53 1111 1]6 2 1053602 005 0.1 0.1 0.1
54 1.0 1.0 1.0
99 2.0 2.0 0.1
56 2.0 0.1 2.0
57 0.1 2.0 2.0
58 0.1 0.1 2.0
59 0.1 2.0 0.1
60 2.0 0.1 0.1
61 1111 1]6 2 105 (12)02] 03 0.1 0.1 0.1
62 1.0 1.0 1.0
63 2.0 2.0 0.1
64 2.0 0.1 2.0
65 0.1 2.0 2.0
66 0.1 0.1 2.0
67 0.1 2.0 0.1
68 2.0 0.1 0.1

Table 5: Input Data for Examples 45-68.
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similar to the optimal policy for symmetric systems, which serves queues exhaustively and switches
to the longest queue once a queue has been exhausted, we tested the performance of the Browne

and Yechiali rules for maximizing the cycle times. In the exhaustive rule developed by Browne

9Uiﬂi_1+EDi

and Yechiali, (EXH-BY), at the beginning of each cycle, the server calculates the index P

for each queue ¢, where p; = A;/u;. The server first switches to the queue with the highest index.
Once this queue is exhausted, the indices for the queues that have not been served in that cycle
are recalculated, and the server switches to the one with the highest index among these remaining
queues in the cycle, and so on. Once all of the queues have been visited, the indices are calculated
again. The gated regime developed by Browne and Yechiali (GATE-BY) is similar, except that

-1
P Lbs 1 OED; L
%. Browne and Yechiali

the server ranks the different queues in decreasing order of
showed that these rules maximize the cycle time, and it is easy to see that for the case where
the queues are homogeneous, these rules reduce to serving the longest queue among all queues yet
unserved in the cycle. As before, we found that not switching to an empty queue improved the
performance of the rules, and thus the rule we implemented prevented switching into empty queues.

The results for Examples 45-68 are displayed in Table 6. Our heuristic consistently gave the
best results, sometimes resulting in an average holding cost of 50% of that of its nearest competitor.
In general, we found that when a queue with the lower ¢y value had a high utilization, p;, then
the gated rules did better than the exhaustive rule. On the other hand, if a high ¢y node also
had a high utilization, then the exhaustive rules were better than the gated rules since the server
remained at the high reward node until it exhausted it. (It is interesting to note that whereas Levy
et al. [23] have shown that the total workload in the system is less under the exhaustive rule than
under the gated policy, this result does not extend to the average weighted waiting time criterion, as
indicated by our simulation results in which the gated policy outperformed the exhaustive rule for
some examples and was outperformed by the exhaustive rule for others.) Our heuristic, however,
consistently gave the best results.

Finally, examples 69-75 demonstrate that the performance of our heuristic does not deteriorate

as the number of queues increase. In these examples, the system has six queues, and the holding
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Example | Heuristic | Exhaustive Gated cp EXH-BY | GATE-BY
45 5.1+ 0.3 8.8+ 0.5 89+04 | 54+0.2 8.9+ 1.0 9.3+04
46 102406 | 1354+ 0.3 | 15.6 £ 0.8 o0 136 £ 1.1 | 159+ 1.0
47 1354+ 05| 16,74+ 0.8 | 20.5 £ 0.9 o0 170+ 05 | 21.5 £ 0.6
48 11.1+£04 | 16,004 | 19.1 £ 0.8 o0 16.3 £ 0.7 | 205 £ 0.5
49 141 4+£03 | 158+ 06 | 187+ 0.9 o0 16.5 £ 0.7 | 20.6 &£ 0.7
50 1144+£06 | 162+ 1.4 | 184 £ 1.0 o0 1694+ 09| 19.6 £ 0.5
51 1644+£08 | 1794+ 1.0 | 228 £ 1.5 o0 176 £ 0.6 | 23.7 £ 0.7
52 116 +£04 | 1756+ 1.0 | 21.6 £ 1.2 o0 171 £ 0.6 | 23.5 £ 0.7
53 5.5 £ 0.2 7.3+ 0.5 9.7+ 0.1 5.5 £ 0.1 7.3+0.2 9.7 £ 0.7
54 1524+ 07| 189+ 1.1 | 42.1 £ 2.0 o0 18.8 £ 0.8 | 44.5 & 3.7
55 225+ 0.8 | 26.0x 1.1 | 70.5 £ 4.1 o0 255 £ 1.0 | 70.7 £ 3.4
56 207 £ 0.7 | 248+ 0.9 | 59.1 £ 3.5 o0 24.0 £ 0.3 | 63.1 £ 3.1
57 1724+ 05| 23.1 4+ 1.8 | 55.9 £ 3.0 o0 23.8 £ 0.5 | 60.3 £ 1.9
58 100+04 | 1384+ 0.7 | 204 £ 1.0 o0 135+ 0.7 ] 223+ 1.3
59 1274+ 05 | 17.1 £ 09 | 36.0 £ 1.7 o0 16.5 £ 0.8 | 38.7 £ 1.0
60 1584+ 06| 169+ 05 | 393+ 1.5 o0 17.0 £ 0.7 | 40.9 &£ 2.0
61 1374+06 | 314+£29 | 23.0+1.9 | 264£25 |28 +2.1]21.4+1.3
62 46.5 £ 2.7 | 50.2 £ 2.5 | 49.4 £ 2.8 o0 50.0 £ 3.0 | 48.1 £ 2.0
63 51.1 £3.2 | 60.1 +£4.1 | 62.3 +4.2 o0 574 £ 3.1 | 63.2 £ 5.2
64 56.3 £ 3.5 | 60.1 4.1 | 60.8 + 3.7 o0 59.5 £ 2.5 | 63.8 £5.1
65 432+ 2.7 | 60.0£ 35 | 61.4 £ 1.9 o0 59.4 £ 2.2 | 64.6 £ 5.8
66 345 £ 23| 491+ 45 | 424+ 35 o0 455 £ 2.1 | 40.4 £ 2.4
67 2000+ 1.5 | 459+ 35 | 434+ 25 o0 457+ 1.6 | 41.2 £ 24
68 38719 | 459+ 25 | 427+ 1.7 o0 45.5 £ 1.4 | 43.6 &£ 3.0
Table 6: Results for Examples 45-68
Example | EDy | EDs | EDs | EDy | EDs | EDg | Heuristic | Exhaustive Gated
69 0.1 0.1 0.1 0.1 0.1 0.1 544+ 0.2 8.3+ 04 9.7 £0.6
70 1.0 1.0 1.0 1.0 1.0 1.0 [ 165 £0.8 | 25.0£0.8 | 354+ 2.1
71 3.0 3.0 3.0 0.1 0.1 0.1 |319+14 )| 38615 | 548+ 2.3
72 0.1 0.1 0.1 3.0 3.0 30 | 129+0.7] 369+ 1.8 | 528 £ 1.9
73 0.1 0.1 0.1 0.1 5.0 50 | 148+ 0.7 | 416 £ 1.5 | 58.8 £ 2.9
74 0.1 0.1 5.0 5.0 0.1 0.1 155 £ 0.7 | 422+ 25 | 57.7+ 1.9
75 0.1 0.1 5.0 5.0 5.0 5.0 | 2.7+ 0.7 | 75.8 £ 4.8 | 100.8 &£ 4.1

Table 7: Results for Examples 69-75
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costs for the queues are respectively 5, 2, 0.5, 0.4, 0.3, 0.2. The processing rate is 1 for all the
queues, while the arrival rates equal 0.2 for queues 1 and 2 and 0.1 for all other queues. The mean
set-up times for each queue as well as the average holding cost per unit time obtained under each
policy is displayed in Table 7. The results in Table 7 are representative of the performance of the
heuristic as the number of queues increases. We found that as the number of queues increases, the
difference in the performance of our heuristic and the exhaustive and gated policies increased due
to the server’s having more opportunities to switch to queues with higher reward rates.

6. Conclusions and Further Research

Using notions of reward rate, we have partially characterized an optimal policy for the scheduling
of parallel queues with set-up times. We used this insight to develop a heuristic policy. Our
simulation study indicates that, in the case of two queues, the heuristic performs nearly as well
as computationally expensive search-based rules. In the case of problems with more than two
queues, our study suggests that the heuristic substantially outperforms other widely used policies
that have been analyzed in the literature. Moreover, the simplicity of the algorithm enhances its
attractiveness.

Further research is necessary to develop a more complete characterization of the optimal policy.
This would aid in developing new and possibly more effective heuristics. This is doubtless a very
challenging problem, however, since even in the case of controlling two queues with set-up costs,
the optimal policy has not yet been completely characterized. Further research should also address
systems in which a job has to be processed by more than one server and follows a general route
through the system. Such a system without set-up costs has recently been addressed by Wein and
Chevalier [37].
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Appendix: Proof of Theorem 1:

We first state a purely technical lemma which we will use in the proof of the theorem. The

proof of Lemma 1 is straightforward and we omit it.

Lemma 1: Consider a single stage optimization problem with a finite set of control actions, U.
Action u € U results in an expected discounted reward 7, € IR and requires an expected discounted
length of time &, € (0,00). Let p, € [0,1] denote the probability that action u is taken where
> uPu = 1. Then, the single-stage reward rate is at most maxy,ey 7., /7y ; equivalently,

(D P/ (D pudu) < max 7, /. (A.1)

weU ueU

Proof of Theorem 1 for the Discounted Cost Case: Without loss of generality, suppose hy
maximizes h, over n. Suppose policy g is optimal but does not serve node one as a top priority
node. We first prove that because jobs of type one offer the greatest single stage reward rate, an
optimal policy must serve node one exhaustively. We then justify greedy service in node one. For
the sake of presentation, we initially assume ¢ to be non-randomized and stationary, and we remove
this restriction later.

Suppose that policy g does not exhaust node one. Thus, for some state (z1,...,2n5,1,1) € S
with 21 > 1, policy ¢ chooses to switch to node j. We assume, without loss of generality, that ¢
chooses to switch to node j at ¢t = 0; thus U9(0) = (4, 2) for some j # 1. For [ € IN, let ¢({) denote
the time at which the {** control action is taken under policy g. Thus, ¢(1) = 0, and ¢(2) = D;.
With respect to policy g, let the random variable L € {INU oo} denote the stage, or index of the
decision epoch, at which ¢ first chooses to serve a job of node one. Thus, U9(¢(L — 1)) = (1,2),
and U9(¢(L)) = (1,1). If g never serves a job in node one with probability p’, then L takes on
the value oo with probability p’. Let the random variable g(I) taking values in {1,2,...,N + 1}

denote the job, if any, served during stage [, where g(I) = N + 1 with the probability that the server
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idled in or set up any queue during stage [. Thus, ¢g(1) = N + 1 and ¢(2) = j. Let the random
variable 7(g(l)) denote the single stage reward associated with stage [ and control selection ¢(1),
where by (3.2), r(g(l)) = cg(l)a_le_af%l)vl for g(1) < N and r(g(l)) = 0 for the aggregated state
g(l) = N + 1. Define o(g(1)) = t(I + 1) — t(I). For g(I) < N, a(g(1))= fy0)1-

In accordance with (3.2), we define R,(g"~!) to be the total expected discounted reward earned
under policy ¢ from stages 1,2,..., L — 1 during [0,#(L)). Along each sample path of the system,
we construct a policy ¢, which interchanges the service of the job in queue one (stage L under g¢)
with the first I — 1 stages under ¢ as follows. At time ¢ = 0, § serves the job in node one that is
served under policy g at ¢(L), which possesses the processing time f; ;. During [f11, fi1 +t(L)), §
mimics the actions taken by ¢ during [0,¢(L)), the first L —1 stages. At time ¢{(L+1) = t(L)+ fi1,
both ¢ and § reach the same state along any realization, and § mimics g from that point on. Note

that the construction of § is feasible, and that the average single-stage reward earned by serving a

single job of node one is given by

f1,
E{e Y eja™ = hia (1 - 5)) = hlE{/ - e~ 'dt} . (A.2)
0

Thus, the difference in expected discounted reward of policy § with respect to ¢ results from the

first L stages and can be computed from (3.2) and (A.2) as

Ra(g) — Ralg)

— E{e_afl’l[cla_l + Ra(gL_l)]} . [Ra(gL_l) + E{e_at(L)ClOé_le_afl’l 1

[hia™" (1= $1) + S1Ralg" )] = [Ralg" ™) + E{e™" P ha™! (1 - 51)]

o™ (1= 51)(1 = E{e"W)[h = Ra(g" )/ (a7} (1 = E{e™ )] . (A-3)

Let H(l) be defined as the information history vector that records current and past states and

decision epochs: {X(¢(2)),%(7):7=0,1,...,1}. Since r(g(1)) = 0, we see that

L-1 0
Ra(g") = LY. e On(g(t)} = 32 BOHL > e OR{r(g() | K1, L> 1} } . (Ad)
(=2 (=2
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Using Lemma 1 and the definition of hq, it follows that

t(I+1)—t(])
E{r(g()) | H(), L > l}/E{/O et | H(l),L> 1} < hy . (A.5)

Thus, (A.4) and (A.5) yield
o0 t(1+1) #(L)
Ro(gP™ ) <Y E{I{L > l}hlE{/ N H (D), L > 1) = hlE{/ ety . (A6)
= 0 )

Since a~!(1 — E{e~") = E{fg(L) e~?'dt} and Ei(2) > 0, it follows from (A.3) and (A.6) that
R,(G) > Ro(g). Repeated application of the preceding argument at every point of non-exhaustive
service at node one establishes the optimality of exhaustive service at node one.

The preceding construction applies to a randomized and/or nonstationary policy g as well. For
example, ¢ is randomized and chooses with probability p to leave queue one nonexhaustively at a
given instance, the policy § is simply specified to incorporate the interchange with probability p.

A similar argument establishes the optimality of greedy service at node one. Suppose that at
time ¢t = 0, policy g idles the server in node one, and that after some random number of stages L —1,
policy ¢ first serves a job in node one at time (). Because a zero reward rate is earned during
the first stage under g, and subsequent single-stage reward rates cannot exceed hy, the modified

policy ¢ as previously constructed performs strictly better than g. |

Proof of Theorem 1 for the Average Cost Case:

The argument is similar to the proof for the discounted cost case, so we present the differences.
Let queue one maximize c¢;u; and define as before the initial condition at ¢ = 0, L (a random
variable), policies ¢ and g, (), g(-), and o(g(-)). Because g is assumed optimal, we recall that
J(g) < oo and the limsup in (2.1) reduces to a lim for g and any other policy (§) of no greater
cost. We find that if I = oo with strictly positive probability, then ¢(L) = oo with strictly positive
probability and it can be shown that J(g) = oo. Thus policy ¢ cannot be optimal because stable
policies exist, and L is finite with probability 1. Instead of comparing g and § using rewards
and reward rates, we use the cost formulation directly. For our construction, policies ¢ and § are

coupled at time ¢(L + 1) = ¢(L) + f11 and incur identical costs thereafter. Thus, we compare the

expected cumulative costs incurred by ¢ and § prior to #(L + 1). We note that each job served
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during (#(2),¢(L)] under g is delayed by f1 1 time units under §, which represents an increased cost
for g. On the other hand,the first job in queue 1 is completed at time f; ; under § and at ¢(L)+ f11
under ¢, a cost savings of ¢1¢(L) for §.

To compare the difference between g and §, we define the costs associated with the stages
1,2,..., L prior to the coupling of g and §. Let the holding cost of the stage [ action be denoted
by C(g(1)), where C(g(l)) = ¢, for g(I) < N and C(N + 1) = 0. Because C(N + 1) = 0, for our
purposes, it suffices to note that for the aggregated state N +1, o(N + 1) has a finite mean. We
note that g(1) = N + 1. From time #(L + 1) onwards, § has an expected cumulative (not average

cost per unit time) cost advantage over policy ¢, which we denote as Z(g,§). Thus,

oo IV ~
Z29.9) = B{[ X e (X2t - X2(0) dr) (A7)
L—-1
= B{et(L)— 3 Clg) fin) (A8)
=1
=SB > eaolg(l) — Cla(l)) fia)} + e ELD;) (A.9)
(=2

> iE{ﬂ{L > B (er E{o(g(D)H (1), L > 1} = E{C(g(D)H (D), L > [T E{fi1})} , (A.10)
=2

where we have used the fact that fy ; is independent of all else. To conclude that Z(g,§) € (0, o],

it suffices to show that for [ € {2,3,..., L — 1},

E{C(gDH (D), L > 13 [ E{a(g(D)H (1), L > 1} < er/ E{fi1} = erpua - (A.11)

This follows from Lemma 1. There exists a perturbation of g that serves a single additional job
of queue one at the first instance of non-exhaustion and results in an expected cumulative cost
savings in (0,o0]. If, following the job of queue one inserted at time #(1) = 0, additional jobs
remain in queue 1, apply the argument thus far iteratively until the resulting perturbation of g,
say ¢', exhaustively serves queue 1 during the visit at ¢(1). Thus, Z(g,¢’) € (0, oc].

To conclude, we build on this result to show that a top-priority policy exists which performs at
least as well as g with respect to average cost per unit time. Consider a policy ¢” with a countable
number of stages. The nth stage removes the nth instance of non-exhaustion of queue 1. The

sequencing of jobs not in queue 1 is unaffected. Note that our construction implies Z(g,¢") € (0, 0]
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and since J(g) € (0, 00), it follows that J(g") € (0,00). There exists a policy that always exhausts

queue one and performs at least as well as any other policy in G.

The proof of the greedy property follows using the argument made in the discounted case, now

extended as above to the average cost case. |
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